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1
K\"ulshammer-01sson-Robinson [KOR, Conjecture 6.4] ( KOR
) [Tsu] $[$Tsu, Conjecture 6.8$]$ 2
( \S 5) $[Tsu2]^{-}$
1.1
$\mathbb{N}=\mathbb{Z}_{\geq 0}$ $\mathbb{N}_{+}=\mathbb{Z}_{\geq 1}$
$0$ $\phi$ $\emptyset$ $|$ $\lambda=(\lambda_{1}, \lambda_{2}, \cdots)$ $m_{k}(\lambda)=$
$|\{i\geq 1|\lambda_{i}=k\}|$ $(k\in \mathbb{N}_{+})$ $| \lambda|=\sum_{i\geq 1}\lambda_{i }\ell(\lambda)=\sum_{i\geq 1}m_{i}(\lambda)$ Par$(n)$
$n$ $(n\in \mathbb{N})$ Par $=\sqcup_{n\geq 0^{Par(n)}}$ $m,$ $n\in \mathbb{N}$ $Par_{m}(n)=$
$\{(\lambda_{i})_{i=1}^{m}\in Par^{m}|\sum_{i=1}^{m}|\lambda_{i}|=n\}$ $n$ $m$- $u(m, n)=|Par_{m}(n)|$ (
$|$ $u(O, 0)=1$ $n\in \mathbb{N}+$ $u(O, n)=0$ )
$R$ 2 $m\cross m$ $X,$ $Y\in Mat_{m}(R)$
$(X\equiv RY$ $)$ $X=PYQ$ $Q\in GL_{m}(R)$ $R$
$X$ $R$ $S$ $X\equiv Rdiag(S)$ $X\equiv {}_{R}S$
diag$(S)=(s_{ij})_{i,j\in I}$ $\{s_{ii}|i\in I\}=S$
1.2 KOR
1.1. $\mathbb{F}$ $A$ $\mathbb{F}$ $A$ $C_{A}$
$([PC(D):D’])_{D,D’\in 1rr(Mod(A))}\in$ Mat $||rr(Mod(A))|(\mathbb{Z})$
Mod$(A)$ $A$ $D\in$ Irr(Mod $(A)$ )
$PC(D)$
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$A=\overline{\mathbb{F}_{p}}G$ $p>0$ $G$ $\det C_{A}$ $p$
[Bra, Theorem 1]
1.2 $([BrNe, Part III,\S 16|)$ . $G$ $p\geq 2$ $g_{1},$ $\cdots$ , $g_{k}$ $G$ $p$ -
$3C_{1},$ $\cdots C_{k}$ $C_{\overline{F_{p}}G}\equiv \mathbb{Z}\{|Sy1_{p}(C_{G}(g_{i}))||1\leq i\leq k\}$ 4




Par$(n)$ $\ovalbox{\tt\small REJECT}$ rr(Mod $(\mathbb{Q}\mathfrak{S}_{n})$ )
$\lambda\in Par(n)$ $\mathbb{Q}\mathfrak{S}_{n}$- $\chi_{\lambda}$ $A$ $=$
$\oplus_{n\geq 0}:\dot{i}^{\underline{m}_{m\geq 0}\mathbb{Z}[x_{1},\cdots,x_{m}]_{n}^{\mathfrak{S}_{m}}}$ $\forall\mu\in$ Par$(n),p_{\mu}= \sum_{\lambda\in Par(n)}\chi_{\lambda}(C_{\mu})s_{\lambda}$




2.1 ([KOR, \S 1]). $G$ $\mathscr{C}\subseteq G$ $G$ 5 $C(G)$
$G$ $\langle\alpha,$ $\beta\rangle_{\mathscr{C}}=^{1}\cap c\sum_{g\in \mathscr{C}}\alpha(g)\overline{\beta(g)}$
$( \alpha, \beta\in C(G))$
(a) $G$ $\psi$ $\varphi$ $\langle\psi,$ $\varphi\rangle\tau\neq 0$ dioectly -linked (
$\psi\approx\wp\varphi$ )
(b) $G$ - $\approx\tau$ $G$
$p\geq 2$ 2.1 $G_{p’}:=\{g\in G|$ ord$c(g)\not\in p\mathbb{Z}\}$ $G$
$G_{p’}$ -
2.2. $\ell\geq 2$
(a) $\lambda$ $\ell$- $\lambda$ $\ell$ $( \forall k\geq 1, m_{k\ell}(\lambda)=0)$
$CRP_{\ell}(n)$ $n$ $\ell$-
(b) $\mathfrak{S}_{n}$ $\ell$- $\mathscr{C}_{\ell’}$ $:=\sqcup_{\lambda\in CRP_{\ell}(n)}C\lambda$ -
$p\geq 2$ $\mathfrak{S}_{n}$ $\{C_{\lambda}|\lambda\in CRP_{p}(n)\}$
$\ell=p\geq 2$ 2.2 $\ell-$
p-
[KOR] Brauer Robinson [Nak,
$BrRo]$ $\ell-$ $w\geq 1$ $\ell-$ $(\mathbb{Z}/\ell \mathbb{Z})1$
$3_{g\in G}$ ord$G(g)\not\in p\mathbb{Z}$ ord$c(g)$ $g$ $G$
4 $G$ $g\in G$ $C_{G}(g)$ $\{h\in G|gh=hg\}$
5 $G$
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$\mathfrak{S}_{w}$ 6 “generalized perfect isometry” $\ell=p$
7
2.3 $([KOR,$ Theorem $5.13])$ . $l\geq 2$ $\lambda,$ $\mu\in$ Par $(n)\ovalbox{\tt\small REJECT}$ $\chi_{\lambda}$ $\chi_{\mu}$
$\ell$- $\lambda$ $\mu$ $\ell-$ 8
2.3 ( )
2.4 $([KOR, \S 1])$ . $G$ closed closed
$x\in$ $y\in G$ $\langle x\rangle=\langle y\rangle$ $y\in$
(a) $C(G)$ 2 $\mathcal{R}_{G}$ ( ) $\mathcal{P}_{G}(\mathscr{C})$
$\mathcal{R}_{G}(\mathscr{C})=span_{\mathbb{Z}}\{\chi^{\mathscr{C}}|\chi\in Irr(\mathbb{C}G)\},$
$\mathcal{P}_{G}(\mathscr{C})=\mathcal{R}_{G}(\mathscr{C})\cap span_{\mathbb{Z}}\{\chi|\chi\in Irr(\mathbb{C}G)\}.$
$Irr(\mathbb{C}G)$ $G$ $f\in C(G)$ $f^{\mathscr{C}}\in C(G)$
$f^{\mathscr{C}}|_{\mathscr{C}}=f|_{\mathscr{C}}$
$f_{G\backslash \mathscr{C}}^{\mathscr{C}}=0$ $G$
(b) $G$ Cart$G$ ( ) $\mathcal{R}_{G}(\mathscr{C})/\mathcal{P}_{G}$ ( )
Cai$G$ ( ) $\ell=p\geq 2$ $=G_{p’}$
9 ( ) 1.2
2.4 KOR
$p\geq 2$ 1.2 $Cart_{\mathfrak{S}_{n}}(\mathscr{C}_{p’})$ $5^{10}$ [KOR]
$\ell\geq 2$ $Cart_{\mathfrak{S}_{n}}(\mathscr{C}_{\ell’})$ $11_{o}$
2.5. $\Pi$ $n\in \mathbb{N}+$
(a) pdiv $(n)$ $n$ $(n=1$ Pd $iv(n)=\emptyset$ $)$
(b) $n_{\Pi}$ $n$ $\Pi$- $n\in n_{\Pi}\mathbb{Z}$ pdiv $(n_{\Pi})\subseteq\Pi$ , Pdiv $(n/n_{\Pi})\cap\Pi=\emptyset$
1
2.6 $([KOR,$ Conjecture $6.4])$ . $l\geq 2$ $\lambda$





$\circ$ Osima’s set of “regular conjugacy classes” [KOR, pp.533]
7 Murnaghan-Nakayama [Osi, \S 3]
8 $\lambda$ $\ell-$ $\lambda$ $\ell$ 1
9
$C_{\overline{F_{p}}G}$ ( )
$10\lambda\in$ Par $(n)$ $g\in C_{\lambda}$ $C_{\mathfrak{S}_{n}}(g)$ $\oplus_{k>1}(\mathbb{Z}/k\mathbb{Z})l\mathfrak{S}_{m_{k}(\lambda)}$ [JK, Chapter 4]
11 KOR — [KOR, pp.545-546]
12 $\lambda,$ $\mu\in CRP_{\ell}(n)$ $r\ell(\lambda)\not\in r\ell(\mu)\mathbb{Z}$ $r\ell(\mu)\not\in r\ell(\lambda)\mathbb{Z}$
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2.6 KOR KOR Kleshchev David
Hill $(*)$ $\ell\geq 2$




$v$ $k=\mathbb{Q}(v)$ $\mathscr{A}=\mathbb{Z}[v, v^{-1}]$
$k$ $k$ 2 idk $v$ $v^{-1}$
$\mathbb{Q}$- $\tau$ : $karrow k$
3.1
$A=(a_{ij})_{i,j\in I}$ GCM $d=(d_{i})_{i\in I}$ $A$
symmetrization 14 $(\mathcal{P}, \mathcal{P}^{\vee}, \Pi, \Pi^{\vee})$ $A$
(a) $\mathcal{P}^{\vee}$ $(2|I|$ –rank $A)$ $\mathcal{P}=Hom_{\mathbb{Z}}(\mathcal{P}^{\vee}, \mathbb{Z})$
(b) $\Pi^{\vee}=\{h_{i}|i\in I\}$ $\mathcal{P}^{\vee}$
(c) $\Pi=\{\alpha_{i}|i\in I\}$ $P$
(d) $i,j\in I$ $\alpha j(h_{i})=a$
$\mathcal{P}^{+}$ $\{\lambda\in \mathcal{P}|\forall i\in I, \lambda(h_{i})\in \mathbb{N}\}$ $i\in I$ $\Lambda_{i}\in \mathcal{P}^{+}$
15 $W=W(A)$ $\{s_{i}$ : $\mathfrak{h}^{*}arrow^{\sim}\mathfrak{h}^{*},$ $\lambda\mapsto\lambda-\lambda(h_{i})\alpha_{i}|$
$i\in I\}$ $GL(\mathfrak{h}^{*})$ $\mathcal{P}(\subseteq \mathfrak{h}^{*})$
$($ $i\in I$ $n\geq m\geq 0)\circ v_{i}=v^{d_{:}},$ $[n] \ell=\sum_{k=1}^{n}v^{(n+1-2k)\ell},$
$[n]_{\ell}!= \prod_{m=1}^{n}[m]_{\ell},$ $\{\begin{array}{l}nm\end{array}\}=\frac{[n\rceil_{l}!}{[m]:![n-m]_{i}!}\circ$
3.1. $U$ $=U_{v}(A)$ $\{e_{i}, f_{i}|i\in I\}\cup\{v^{h}|h\in \mathcal{P}^{\vee}\}$
$k$
(a) $v^{0}=1$ $h,$ $h’\in \mathcal{P}$ $v^{h}v^{h’}=v^{h+h’}$




(d) $i\neq i$ $i,j\in I$ $\sum_{k=0^{:j}}^{1-a}(-1)^{k}e_{i}^{(k)}eje_{i}^{(1-a_{ij}-k)}=0$
$($e $)$ $i\neq j$ $i,$ $j\in I$ $\sum_{k=0}^{1-a_{ij}}(-1)^{k}f_{i}^{(k)}f_{j}f_{:}^{(1-a_{ij}-k)}=0$
$K_{i}=v^{d_{:}h_{i}},$ $v_{\dot{t}}=v^{d_{l}}$ $e_{i}^{(n)}=e_{i}^{n}/[n]_{d_{:}}!,$ $f_{i}^{(n)}=f_{i}^{n}/[n]_{d_{i}}$ !
13 $i\neq j$ $p_{i}\neq p_{j}$
14 $i,j\in I$ $d_{ia_{ij}=d_{j}aji}$ $gcd$ (di) $i\in I=1$ 1 $d\in \mathbb{N}_{+}^{I}$
$15\Lambda_{i}$ $I$ $\mathcal{P}$ $\{\lambda\in \mathcal{P}|\forall i\in I, \lambda(h_{i})=0\}$ ambiguity $\forall i\in I,$ $\Lambda_{i}(h_{j})=\delta_{ij}$ $\mathcal{P}^{+}$
94
3.2 Shapovalov form
3.2 $([Lus, \S 3.4.5])$ . $\lambda\in \mathcal{P}$ Verma $U_{v}$ -
$M( \lambda)=U_{v}/(\sum_{h\in \mathcal{P}}U_{v}(v^{h}-v^{\lambda(h)})+\sum_{i\in I}U_{v}e_{i})$ .
$M(\lambda)$ Uv– 1 $M(\lambda)$ $U_{v}$- $K(\lambda)$
$\lambda\in \mathcal{P}$ $U_{v}$- $V(\lambda)=M(\lambda)/K(\lambda)$
3.3. $\mathbb{F}$ $V$ $\mathbb{F}$
(a) $B$ : $V\cross Varrow \mathbb{F}$ $w,$ $w_{1},$ $w_{2}\in V$ $B(w_{1}+w_{2}, w)=$
$B(w_{1}, w)+B(w_{2}, w)$ $B(w, w_{1}+w_{2})=B(w, w_{1})+B(w, w_{2})$
(b) $B:V\cross Varrow \mathbb{F}$ Rad $(B)$ 2
( Rad $(B)$ )
$\{w_{1}\in V|\forall w_{2}\in V, B(w_{1}, w_{2})=0\}, \{w_{2}\in V|\forall w_{1}\in V, B(w_{1}, w_{2})=0\}.$
(c) $B$ Rad $(B)$ Rad $(B)=0$
$U_{v}$ $\mathbb{Q}$- $\Omega$ $\mathbb{Q}$- $\Upsilon$
$\Omega(e_{i})=f_{i}, \Omega(f_{i})=e_{i}, \Omega(v^{h})=v^{-h}, \Omega(v)=v^{-1},$
$\Upsilon(e_{i})=v_{i}f_{i}K_{i}^{-1}, \Upsilon(f_{i})=v_{i}^{-1}K_{i}e_{i}, \Upsilon(v^{h})=v^{-h}, \Upsilon(v)=v^{-1}.$
Shapovalov form
3.4 $([Tsu,$ Proposition $3.8|)$ . $\lambda\in \mathcal{P}$ $\langle,$ $\rangle$Qsh:
$V(\lambda)\cross V(\lambda)arrow k$ $\langle,$ $\rangle_{RSh}:V(\lambda)\cross V(\lambda)arrow k$ 1
(i) $\langle aw_{1},$ $w_{2}\rangle_{X}=\tau(a)\langle w_{1},$ $w_{2}\rangle_{X }\langle w_{1},$ $aw_{2}\rangle_{X}=a\langle w_{1},$ $w_{2}\rangle_{X}$ $\langle w_{1},$ $w_{2}\rangle_{X}=\tau(\langle w_{2}, w_{1}\rangle_{X})$
$($ ii $)$ $\langle 1_{\lambda},$ $1_{\lambda}\rangle x=1f_{1>}$ $\langle uw_{1},$ $w_{2}\rangle$QSh $=\langle w_{1},$ $\Omega(u)w_{2}\rangle$QSh $i\mathfrak{y}_{1 }\langle uw_{1},$ $w_{2}\rangle$QSh $=\langle w_{1},$ $\Upsilon(u)w_{2}\rangle$ RSh $\circ$
$X\in$ {QSh, RSh} $w_{1},$ $w_{2}\in V(\lambda),$ $u\in U_{v},$ $a\in k$
3.3 Lusztig
3.5 $([Lus,$ Theorem $14.4.3],[Lus2,$ Theorem $4.5])$ . $U_{v}^{\mathscr{A}}$ $\{e_{i}^{(n)}, f_{i}^{(n)}, K_{i}^{\pm 1}|i\in I, n\geq 0\}$
$U_{v}$ $\mathscr{A}$ - $U_{v}^{l\mathscr{K}}$ $U_{v}$ $\mathscr{A}$ $16_{o}$
Uv- $M$ 2
(i) $M$ $\nu\in \mathcal{P}$ $M_{\nu}=\{m\in M|\forall h\in \mathcal{P}^{\vee},$ $v^{h}m=$
$v^{\nu(h)}m\}$ $\dim M_{\nu}<+\infty$ $M=\oplus_{\nu\in p}M_{\nu}$
$\circ$




$F$- $V$ $R$- $W$ $W$ $R$-
$W\subseteq V$ $\mathbb{F}\otimes_{R}Warrow^{\sim}V$ $W$ $V$ $R$-
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[Lus, Proposition 3.5.8, Proposition5.2.7]
(a) $\lambda\in \mathcal{P}$ $V(\lambda)$ $\lambda\in \mathcal{P}^{+}$
(b) $\lambda\in \mathcal{P}^{+}$ $V(\lambda)$ $P(\lambda)$ $:=\{\mu\in \mathcal{P}|V(\lambda)_{\mu}\neq 0\}$ $W$-
3.6 $([Lus,$ Theorem $14.4.11])$ . $\lambda\in \mathcal{P}^{+}$ $V(\lambda)^{d}:=U_{v}^{d}1_{\lambda}$ $V(\lambda)$ $d$ -
$\nu\in P(\lambda)$ $V(\lambda)_{\nu}^{d}:=V(\lambda)_{\nu}\cap V(\lambda)^{d}$ $V(\lambda)_{\nu}$ $d$ -
3.4
3.7. 6 $(\mathbb{F}, \epsilon, R, V, S, V^{R})$ $GM_{F_{\mathcal{E}},R}(V, S, V^{R})=(S(w_{i}, w_{j}))_{1\leq i,j\leq\dim V}$
$(w_{i})_{1\leq i\leq}$dimv
$V^{R}$ $R$-
(a) $\mathbb{F}$ $\epsilon$ : $\mathbb{F}arrow^{\sim}\mathbb{F}$ $R$ $\epsilon(R)\subseteq R$ $\mathbb{F}$
(b) $V$ $\mathbb{F}$ $V^{R}$ $V$ $R$-
(c) $S$ : $V\cross Varrow \mathbb{F}\ovalbox{\tt\small REJECT}$ $w_{1},$ $w_{2}\in V$ $a\in \mathbb{F}$ $S(aw_{1}, w_{2})=\epsilon(a)S(w_{1}, w_{2})$
$S(w_{1}, aw_{2})=aS(w_{1}, w_{2})$
$X$ $Y$ $V^{R}$ 2 $R$- $P\in$
$GL_{\dim V}(R)$ $X=\epsilon(^{tr}P)YP$
3.8. $\lambda\in \mathcal{P}^{+}$ $\mu\in P(\lambda)$ 2
$QSh_{\lambda,\mu}^{M}=QSh_{\lambda,\mu}^{M}(A)=GM_{k_{\mathcal{T},1}\mathscr{J}}(V(\lambda)_{\mu}$ , QSh, $V(\lambda)_{\mu}^{d})$ ,
$RSh_{\lambda,\mu}^{M}=RSh_{\lambda,\mu}^{M}(A)=GM_{k,\tau,d}(V(\lambda)_{\mu}$ , RSh, $V(\lambda)_{\mu}^{d})$ .
[Tsu, \S 3]
3.9. $\lambda\in \mathcal{P}^{+}$ $\mu\in P(\lambda)$ $v^{\mathbb{Z}}$ $D$ $\det D=1$
$DQSh_{\lambda,\mu}^{M}=RSh_{\lambda,\mu}^{M}$
3.10. $\lambda\in \mathcal{P}^{+},\mu\in P(\lambda),i\in I$ $QSh_{\lambda,\mu}^{M}=QSh_{\lambda,s_{i}(\mu)}^{M}$
4 Khovanov-Lauda-Rouquier
2007 Khovanov-Lauda Rouquier
(KLR ) [KLl, KL2, $Rou$]
4.1 ([Rou, \S 3.2.1]). $\mathbb{F}$ $I$ $Q=(Q_{ij}(u, v))\in Mat_{I}(\mathbb{F}[u, v])$ $Q_{ii}=0$
$i,j\in I$ $Q_{ij}(u, v)=Q_{ji}(v, u)$
(a) $n\geq 0$ $KLR$ $(\mathbb{F};Q)$ $\{x_{p}, \tau_{a}, e_{\nu}|1\leq p\leq n, 1\leq a<n, \nu\in I^{n}\}$
$\mathbb{F}$. $e_{\mu}e_{\nu}=\delta_{\mu\nu}e_{\mu},$ $1= \sum_{\mu\in I^{n}}e_{\mu},$ $x_{p}x_{q}=x_{q}x_{p},$ $x_{p}e_{\mu}=e_{\mu}x_{p},$ . $\tau_{a}\tau_{b}=\tau_{b}\tau_{a}if|a-b|>1,$. $\tau_{a}^{2}e_{\nu}=Q_{\nu_{a},\nu_{ +1}}(x_{a}, x_{a+1})e_{\nu},$ $\mathcal{T}_{a}e_{\mu}=e_{s_{a}(\mu)^{\mathcal{T}}a},$ . $\tau_{a}x_{p}=x_{p}\tau_{a}$ if $P\neq a,$ $a+1,$. $(\tau_{a}x_{a+1}-x_{a}\mathcal{T}_{a})e_{\nu}=(x_{a+1}\tau_{a}-\tau_{a}x_{a})e_{\mu}=\delta_{\nu_{a’},\nu_{a+1}}e_{\nu},$
$(\tau_{b+1}\tau_{b}\tau_{b+1}-\tau_{b}\tau_{b+1}\tau_{b})e_{\nu}=\delta_{\nu_{b},\nu_{b+2}}((x_{b+2}-x_{b})^{-1}(Q_{\nu_{b},\nu_{b+1}}(x_{b+2}, x_{b+1})-Q_{\nu_{b},\nu_{b+1}}(x_{b}, x_{b+1})))e_{\nu}.$
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(b) $n=ht(\beta)$ $:= \sum_{i\in I}\beta_{i}$ $\beta=\sum_{i\in I}\beta_{i}\cdot i\in N[I]$ $R_{\beta}(\mathbb{F};Q)=R_{n}(\mathbb{F};Q)e_{\beta}$
$e_{\beta}= \sum_{\nu\in Seq(\beta)}e_{\nu}$ Seq $( \beta)=\{(i_{j})_{j=1}^{n}\in I^{n}|\sum_{j=1}^{n}i_{j}=\beta\}$
(c) $\lambda=\sum_{i\in I}\lambda_{i}\cdot i\in \mathbb{N}[I]$ $n=$ ht $(\beta)$ $\beta\in \mathbb{N}[I]$
$R_{n}^{\lambda}( \mathbb{F};Q)=R_{\eta\eta}(;Q)/R_{n}(\mathbb{F};Q)(\sum_{\nu\in I^{n}}x_{1}^{\lambda_{h_{\nu}}}e_{\nu})R_{n}(\mathbb{F};Q)$,
$R_{\beta}^{\lambda}( \mathbb{F};Q)=R_{\beta}(\mathbb{F};Q)/R_{\beta}(\mathbb{F};Q)(\sum_{\nu\in Seq(\beta)}x_{1}^{\lambda_{h_{\nu_{1}}}}e_{\nu})R_{\beta}(\mathbb{F};Q)$ .
KLR PBW [Rou, Theorem 3.7] $\{e_{\beta}| ht(\beta)=n\}$ $(\mathbb{F};Q)$
$R_{n}^{\lambda}(\mathbb{F};Q)$ $R_{\beta}^{\lambda}(\mathbb{F};Q)$ $\mathbb{F}$-
4.2 ([Rou, \S 3.2.3]). $A=(a_{ij})_{i,j\in I}$ $GCM$ $d=(d_{i})_{i\in I}$ $A$ sym-
metrization $Q^{A}=(Q_{ij}^{A}(u, v))\in Mat_{I}(\mathbb{F}[u, v])$
$Q_{ii}^{A}(u, v)=0, Q_{ij}^{A}(u, v)=Q_{ji}^{A}(v, u) , t_{i,j,-a,0}=t_{j,i,0,-a_{ij}}:j\neq 0.$
$i,j\in I$
$Q_{ij}^{A}(u, v)= \sum_{p,q\geq 0 ,pd_{i}+qd_{j}=-d_{i}a_{ij}}t_{ijpq}u^{p}v^{q}$
$n\geq 0$ $ht(\beta)=n$ $\lambda,$ $\beta\in \mathbb{N}[I]$ $R_{n}(\mathbb{F};Q^{A}),$ $R_{\beta}(\mathbb{F};Q^{A}),$ $R_{n}^{\lambda}(\mathbb{F};Q^{A}),$ $R_{\beta}^{\lambda}(\mathbb{F};Q^{A})$
$\deg(e_{\nu})=O$ , deg $(x_{p}e_{\nu})=2d_{\nu_{p}},$ $\deg(\tau_{a}e_{\nu})=-d_{\nu_{\alpha}}a_{\nu_{a},\nu_{a+1}}.$
$\sum_{i\in I}\beta_{i}\cdot i\mapsto\sum_{i\in I}\beta_{i}\Lambda_{i}$ $\mathbb{N}[I]$ $\oplus_{i\in I}\mathbb{N}\Lambda_{i}(\subseteq \mathcal{P}^{+})$
4.1 KLR
4.3. $\ell\geq 2$ $Q_{\ell}\in Mat_{\mathbb{Z}/\ell \mathbb{Z}}(\mathbb{Z}[u, v])$ $\mathbb{F}$
$Q_{\ell}^{\mathbb{F}}\in Mat_{\mathbb{Z}/\ell z}(\mathbb{F}[u, v])$ $Q_{l}$
$(Q_{\ell})_{i,j}=\{\begin{array}{ll}-(u-v)^{2} (\ell=2 i\neq j)\pm(v-u) (\ell\geq 3 j=i\pm 1)1 (\ell\geq 3 j\neq i, i\pm 1)0 ( ).\end{array}$
4.4. $\ell\geq 2,$ $n\geq 0$
(a) $|\rho|+\ell d=n$ $\ell-$ $\rho$ $d\geq 0$ $(\rho, d)$ $B|_{\ell}(n)$
(b) $(\rho, d)\in B|_{t}(n)$ $\ell-$ $\rho$ $\lambda\in Par(n)$ $B_{\ell}^{\rho,d}(\subseteq Par(n))$
4.5. $p\geq 2$ $(\rho, d)\in B|_{p}(n)$
(a) $e_{\rho,d}= \sum_{\lambda\in B_{p}^{\rho d}}\}\frac{\chi_{\lambda}(1)}{n!}\sum_{g\in \mathfrak{S}_{n}}\chi_{\lambda}(g)g^{-1},$
(b) $\beta_{\rho,d}=\sum_{x\in\rho}res(x)+d\cdot\sum_{y\in Z/pZ}y\in \mathbb{N}[\mathbb{Z}/p\mathbb{Z}]$ $\sum_{x\in\rho}$ $x$ $\rho$




$\{e_{\rho,d}|(\rho, d)\in B|_{p}(n)\}$ $\mathbb{F}_{p}\mathfrak{S}_{n}$ ( )
4.6 ([Rou, BK2]). $\mathbb{F}$ $p>0$ $(\rho, d)\in B|_{p}(n)$ $\mathbb{F}$-




4.7. $R$ $q\in R$ $A$ $\{T_{i}|1\leq i<n\}$
$R$- $(1\leq a\leq n-2 1\leq b, c<n |b-c|>1)$
$(T_{b}+1)(T_{b}-q)=0, T_{a}T_{a+1}T_{a}=T_{a+1}T_{a}T_{a+1}, T_{b}T_{c}=T_{c}T_{b}.$
4.8. $\ell\geq 2$ 1 $\ell$ $17_{\eta\ell}$ $k_{\ell}$
$\ell\geq 2$ $n\geq 0$ $(\rho, d)\in B|_{P}(n)$ $e_{\rho,d}’$ [$DJ,$
\S 5] $\mathcal{H}_{n}(k_{\ell};\eta_{\ell})$
(i) $k_{\ell}$ $\mathcal{H}_{n}(k_{\ell;\eta_{\ell})}$ [Don, \S 2.2]
(ii) $B|_{l}(n)$ $\mathcal{H}_{n}(k_{\ell};\eta_{\ell})$
4.9 ([Rou, BK2]). $\ell\geq 2$ $(\rho, d)\in B|_{\ell}(n)$ $k_{\ell}$ -
$\mathcal{H}_{n}(k\ell;\eta_{l})e_{\rho,d}’\cong R_{\beta_{\rho,d}}^{\Lambda_{0}}(k\ell;Q_{\ell}^{k_{\ell}})$ $\mathcal{H}_{n}(k\ell;\eta_{\ell})\cong R_{n^{0}}^{\Lambda}(k\ell;Q_{\ell}^{k_{\ell}})$
$\ell\geq 2$ $k\ell$ char $k\ell=0$ LLTA [$BK$3, Corollary 5.1 $5|$
Brauer-Humphreys [HM, Theorem 2.17] $C_{e_{\rho,d}’\mathcal{H}.(k_{\ell};\eta p)e_{\rho,d}’}^{v}=^{tr}D_{\rho,d}D_{\rho,d}$
$D_{\rho,d}=$
$(d_{\lambda,\mu}(v))_{\lambda\in B_{\ell}^{\rho,d},\mu\in B_{\ell}^{\rho,d}\capRP_{\ell}(d)}$ $RP_{\ell}(d)$
$\ell$- 1 $d$ $U_{v}(A_{\ell-1}^{(1)})$
$\mathcal{F}=\oplus_{\lambda\in Par}k|\lambda\rangle$
$V(\Lambda_{0})\cong U_{v}(A_{\ell-1}^{(1)})|\phi\rangle$ Lusztig $(=$
lower ) $\sqcup_{n\geq 0}\{G(\mu) :=\sum_{\lambda\in Par(n)}d_{\lambda,\mu}(v)|\lambda\rangle|\mu\in RP\ell(n)\}$ [LLT, \S 6]
5
5.1
5.1. $A$ $\mathbb{F}$ $A$ $\mathbb{F}$
$i,j\in \mathbb{Z}$ $A_{i}A_{j}\subseteq A_{i+j}$ $\mathbb{F}$ - $A=\oplus_{i\in Z}A_{i}$ 18
(a) $Mod_{gr}(A)$ $A$ - $A$ -
$Proj_{gr}(A)$ $A$ - $Mod_{gr}(A)$
17 $0$ 1 $\ell$ ( )
18 $1\in A_{0}$
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(b) $Mod_{gr}(A)$ $M=\oplus_{i\in \mathbb{Z}}M_{i}$ $k\in \mathbb{Z}$ $M\langle k\rangle$ $n\in \mathbb{Z}$
$(M\langle k\rangle)_{n}=M_{k+n}$ $Mod_{gr}(A)$ $(Marrow fN)\mapsto(M\langle k\ranglearrow f$
$N\langle k\rangle)$ $Mod_{gr}(A)$ $($ $Proj_{gr}(A))$ $\langle k\rangle$
(c) $\omega_{A}:K_{0}(Proj_{gr}(A))\cross K_{0}(Mod_{gr}(A))arrow \mathscr{A}$
$\langle[P], [M]\rangle\mapsto\sum_{k\in \mathbb{Z}}\dim_{\mathbb{F}}Hom_{A}(P,M\langle k\rangle)v^{k}.$
(d) $A$ $C_{A}^{v}$
$( \sum_{k\in \mathbb{Z}}[PC_{Mod_{gr}(A)}(D):D’\langle-k\rangle]v^{k})_{D,D\in 1rr(Mod_{gr}(A))/\sim}\in$ Mat $||rr(Mod_{gr}(A))/\sim|(\mathscr{A})$ .
$PC_{M}$ $d_{gr}(A)(D)$ $Mod_{gr}(A)$ $D$ $M\sim N$ $k\in \mathbb{Z}$
$Mod_{gr}(A)$ $M\langle k\rangle\cong N$
(i) $\mathbb{F}$ $A$ $C_{A}^{v}=^{tr}(\omega_{A}$ ( $PC(D)$ , $PC(D’)$ ) $)_{D,D’\in 1rr(Mod_{gr}(A))/\sim}$
(ii) Ko $(Mod_{gr}(A))$ Ko $(Proj_{gr}(A))$ $v=[\langle-1\rangle]$ $\mathscr{A}$- $\mathbb{F}$
$A$ decategorification Ko(Mod $(A)$ ) (
$K_{0}$ (Proj $(A)$ ) $)$ Ko $(Mod_{gr}(A))$ ( Ko $(Proj_{gr}(A))$ )
(iii) $\omega_{A}I$ $a\in$ Ko $(Proj_{gr}(A))$ $b\in$ Ko $(Mod_{gr}(A))$ $\omega A(va, b)$ $=v^{-1}\omega_{A}(a, b)$
$\omega_{A}(a, vb)=v\omega_{A}(a, b)$ $\tau$-sesquilinear
(iv) $C_{1}^{v}$ $C_{2}^{v}$ $Irr(Mod_{gr}(A))/\sim$
$v^{\mathbb{Z}}$ $D$ $C_{2}^{v}=\tau(^{tr}D)C_{1}^{v}D$




5.2 ([BK3, Theorem 4. 18]). $\mathbb{F}$ $\ell\geq 2$ $A_{\ell-1}^{(1)}$






$\oplus_{n\geq 0}K_{0}(Proj_{gr}(R_{n}^{\lambda}))\otimes_{\mathscr{A}}\oplus_{n\geq 0}K_{0}(Mod_{gr}(R_{n}^{\lambda}))arrow \mathscr{A}\oplus\omega_{R_{n}^{\lambda}}$
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$R_{n}^{\lambda}(\mathbb{F};Q_{\ell}^{F})$ $R_{n}^{\lambda}$
(i) $X\in\{QSh$ , RSh $\}$ $V(\lambda)^{d,*}=\{v\in V(\lambda)|\forall w\in V(\lambda)^{d}, \langle v, w\rangle_{X}\in \mathscr{A}\}$
$X\in$ {QSh, RSh}
(ii) $a$ $V(\lambda)^{d}\subseteq V(\lambda)^{d,*}$ $b$ $Proj_{g},(R_{n}^{\lambda})arrow Mod_{gr}(R_{n}^{\lambda})$
5.3. $\ell\geq 2,$ $d\geq 0$ $w\in W(A_{\ell-1}^{(1)})$ $C_{\ell,d}^{v}=QSh_{\Lambda_{0},w\Lambda_{0}- }^{M}(A_{\ell-1}^{(1)})$
$C_{\ell,d}^{v}$ 3.10 $w$ $RSh_{\Lambda_{0},w\Lambda_{0}-d\delta}^{M}(A_{\ell-1}^{(1)})$ 3.9
5.2 Ko $(Mod_{gr}(R_{n}^{\lambda}))_{k}$ $:=k\otimes_{d}$ Ko $(Mod_{gr}(R_{n}^{\lambda})$ $\omega_{R_{n}^{\lambda}}^{k}$
$K_{0}(Mod_{gr}(R_{n}^{\lambda}))_{k}\cross K_{0}(Mod_{gr}(R_{n}^{\lambda})_{k}arrow k$
$\omega_{R_{n}^{\lambda}}$ : $K_{0}(Proj_{gr}(R_{n}^{\lambda}))\cross K_{0}(Mod_{gr}(R_{n}^{\lambda}))arrow \mathscr{A}$
$GM_{k,\tau,d}(K_{0}(M\circ d_{gr}(R_{n}^{\lambda}))_{k},\omega_{R_{n}^{\lambda}}^{k}, K_{0}(Proj_{gr}d\cdot$
6 Hill
KOR $Cart_{6_{\mathfrak{n}}}(\mathscr{C}_{\ell’})$ $\ell\geq 2$ $n\geq 0$
Cart $\mathfrak{S}_{n}(\mathscr{C}_{\ell’})\cong$ Coker $(\mathbb{Z}^{\oplus||rr(Mod(\mathcal{H}_{n}(k_{\ell};\eta\ell)))|}arrow \mathbb{Z}^{\oplus||rr(Mod(\mathcal{H}_{n}(k_{\ell};\eta\ell)))|}, x\mapsto xC_{\mathcal{H}_{n}(k_{\ell};\eta_{\ell})})$





$\ell$ A $19$ $\ell-$
Hill 5.2 $v=1$ $\ell$ A
$A_{\ell-1}^{(1)}$ A
1 Hill KOR [Hil]
6.2 ([Hil, Conjecture 10.5]). $p\geq 2$ $r\geq 1$ $\ell=p^{r}$
$\log_{p}I_{p,r}(\lambda)=\sum_{n\in N_{+}\backslash p^{r}\mathbb{Z}}((r-\nu_{p}(n))m_{n}(\lambda)+\sum_{t\geq 1}\lfloor m_{n}(\lambda)/p^{t}\rfloor)$
$p$ $I_{p,r}(\lambda)$ ( $\lambda$ ) $d\geq 0$
$C_{\ell,d}^{v}|_{v=1}\equiv z_{s=1\lambda\in Par(\epsilon)}\sqcup^{d}\sqcup\{I_{p,r}(\lambda)\}^{u(\ell-2,d-s)}.$
19 4.7 $\min\{k\geq 2|1+q+\cdots+q^{k-1}=0\in R\}$
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6.2 KOR Hill $\ovalbox{\tt\small REJECT}$ 6.2 $p\geq 2$
$1\leq r\leq p$ [Hil, Theorem 1.3] $(*)$
$\ell\geq 2$ KOR
6.3. $n\geq 1$ $\ell\geq 2$ $a_{\ell}(n)\geq 1$ $(n)\geq 0$ $a\ell(n)\ell^{\nu\ell(n)}=n$
$a_{\ell}(n)\not\in\ell \mathbb{Z}$
6.4 $([Tsu,$ Conjecture $6.8])$ . $P\geq 2$ $r\geq 1$ $\ell=p^{r}$
$m_{n}(\lambda)$
$I_{p,r}^{v}( \lambda)= \prod \prod \int p^{r+\nu_{p}(k)-\nu_{p}(n)}]_{a_{p}( )p^{\nu_{p}(n)}}$
$n\in N_{+}\backslash p^{r}\mathbb{Z}$ $=$ 1
( $\lambda$ ) $d\geq 0$
$q$
$C^{v}\equiv\sqcup^{d}\sqcup\{I_{p,r}^{v}(\lambda)\}^{u(\ell-2,d-s)}$. (1)
$\lambda\in$ Par $I_{p,r}^{v}(\lambda)|_{v=1}=I_{p,r}(\lambda)$ 6.4 6.2
6.4 6.4
$C^{v}\equiv\sqcup^{d}\sqcup\{I_{p,r}^{v}(\lambda)\}^{u(\ell-2,d-s)}$ . (2)
$r=1$ ( $\ell=p$ ) (2) [ASY, Conjecture 8.2 $(i)$ ]
20 21 [Tsu] 1 6.4
(1)
[Tsu, Theorem 6.11]
KOR $p\geq 2$ $r\geq 1$
$\ell=p^{r}$ KOR [Tsu, Conjecture 6.18] 6.4
$22_{\circ}$
$[$ASY, Conjecture 8.2 $(ii)]^{23}$
6.4 6.2 $v$
6.4 $v=1$ ( 6.2 ) $\lambda_{1},$ $\lambda_{2}\in Par(n)$ $I_{p,r}^{v}(\lambda_{1})\not\in$





20 3 $\mathscr{A}$ $-$
$21(2)$ 6.4 [Tsu, Proposition 2.3]
$C_{\ell i_{2^{-\mathbb{Q}[v,v^{-1}}\backslash }^{d_{E^{-}\Re f\ddagger\phi\not\in^{]}\ovalbox{\tt\small REJECT} ^{}\prime\#\#g \grave{\grave{>}}}}}^{v-} \sqcup_{s=1}^{d}u\{\prod_{su},[\ell]_{i}^{m_{i}(\lambda)}\}^{u(\ell.-2,d-s)}$
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